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Abstract
Based on the Hugenholtz-Van Hove theorem, the symmetry energy J and its density slope parameter L are decomposed
in terms of the nucleon self-energies within the covariant density functional (CDF) theory. It is found that two
structural connections between the different ingredients of J and L construct the fundamental correlation between L
and J in the relativistic covariant framework, while the additional contribution from the isovector scalar channel of
nucleon-nucleon interaction and those from the second-order symmetry self-energies lead to a deviation, especially
the latter limits severely its correlation coefficient and confidence level. In addition, the relationship between the
Landau mass M∗L and the Dirac mass M
∗
D is approximated to a reliable linear correlation, which is demonstrate to be
sensitive to the momentum dependence of the nucleon self-energies.
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1. Introduction
The nuclear symmetry energy, which is intrinsically related to the isospin dependence of in-medium nuclear
interaction, is not only a fundamental quantity in nuclear physics but also in astrophysics [1, 2, 3, 4]. Although
significant progress has been made both experimentally and theoretically, our current knowledge about the symmetry
energy is still rather poor, especially its density dependence. For instance, a recent data collective analysis constrained
the most probable values of symmetry energy at the saturation density as J = 31.7 ± 3.2 MeV and its density slope
parameter as L = 58.7±28.1 MeV, retaining a relatively large error bar [5], implying a big challenge in the community.
In the past years, the relationship between symmetry energy J and its density slope parameter L at the saturation
density has attracted wide interest in theory. Based on Skyrme and relativistic mean-field models [6, 7, 8, 9], random
phase approximation models [10], quantum Monte Carlo method with realistic interactions [11] and other approaches
[12, 13, 14, 15, 16], a possible correlation between L and J has been revealed, but this correlation is relatively weak
and its physical mechanism is still unclear. Furthermore, although analytical expressions for L as a linear function of
J have been suggested in some special cases [17, 18, 19], a more general and model independent linear correlation has
not been verified yet. It is thus of necessity to study the universal and more accurate knowledge about this correlation,
which enables us to learn more about L with the relatively strict constraint of J.
In recent years, based on the Hugenholtz-Van Hove (HVH) theorem [20, 21], the nuclear symmetry energy and its
density slope parameter at arbitrary density have been analytically decomposed in terms of the single-nucleon poten-
tial in asymmetric nuclear matter within non-relativistic framework [22, 23], which can be constrained further by the
nucleon global optical model potential extracted from nucleon-nucleus and (p, n) charge-exchange reactions [24, 25].
In addition, the relativistic version of the decomposition of the nuclear symmetry energy and its density slope param-
eter on the basis of Lorentz covariant nucleon self-energies has been also obtained, and the preliminary application
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has been performed within nonlinear relativistic mean-field model [26, 27]. It should point out that since the HVH
theorem is valid for any interacting self-bound infinite Fermi system [20, 21], these decompositions are independent of
the detailed nature of the nucleon-nucleon interactions. Therefore, the decomposition of symmetry energy in terms of
the nucleon self-energies provide a physically more transparent approach to help us better understand the microscopic
origins of the nuclear symmetry energy and its density slope parameter as well as the correlation between them.
The covariant density functional (CDF) theory is great successful in the description of nuclear many-body problem
as a relativistic energy density functional (EDF) [28, 29, 30, 31, 32, 33]. For example, two important ingredients of
nuclear force — the spin-orbit coupling and the tensor interaction can be both included naturally [34, 35]. In CDF
theory, the nucleon self-energy, which is obtained by the variation of the potential part of EDF with respect to Dirac
spinor, can be used to describe the in-medium nuclear interaction effectively. According to this spirit, the nucleon self-
energy is dependent on the detailed nature of various versions of CDF due to the uncertainty of in-medium nuclear
interaction. For example, (1) besides including nonlinear coupling channels in the Lagrangian [36, 37], the medium
dependence of nucleon self-energy can also be introduced by assuming explicit density dependence of interaction
vertices [38, 39]. (2) Due to the lack of sufficient experimental information, whether the isovector scalar channel
of nucleon self-energy should be considered in the CDF theory is still an open question [40]. (3) In general, the
momentum dependence (non-locality effects) of the nucleon self-energy vanish automatically in the Hartree mean-
field level, but inclusion of the Fock diagrams in the CDF theory is a self-consistent way to preserve this dependence
[41]. In fact, the uncertainty of the nucleon self-energy in CDF theory brings an opportunity to the future investigation
of model independence, such as the universal correlation between L and J.
Based on different commonly used parameter sets in the different versions of the CDF, the symmetry energy J
and its density slope parameter L at the saturation density will be decomposed in terms of the Lorentz covariant
nucleon self-energies in this paper. Then the possible correlated structure of nuclear symmetry energy and its physical
mechanism will be revealed and analysed within relativistic framework, which is the main motivation of the present
work.
2. Theoretical Framework
Because of the translational and rotational invariance in the rest frame of infinite nuclear matter, and the assumed
invariance under parity and time reversal, as well as hermiticity, the nucleon self-energy in asymmetric nuclear matter
may be written generally as [42, 43, 44, 45]
Στ(ρ, δ, |k|) = ΣτS (ρ, δ, |k|) + γ0Στ0(ρ, δ, |k|)
+ γ · kˆΣτV (ρ, δ, |k|), (1)
where isospin index τ = 1 (−1) denotes neutron (proton), ΣτS is the scalar self-energy, Στ0 and ΣτV are the time and space
components of the vector self-energy respectively, and kˆ is the unit vector along k. In general, self-energies depend
on the baryon density ρ = ρn + ρp with ρn and ρp corresponding to the neutron and proton densities respectively, the
isospin asymmetry δ = (ρn − ρp)/ρ, and the magnitude of the nucleon momentum |k|. Besides, self-energies can be
divided further according to the contributions from Hartree (direct) and Fock (exchange) diagrams [46], namely,
ΣτS (ρ, δ, |k|) = Στ,DS (ρ, δ) + Στ,ES (ρ, δ, |k|), (2a)
Στ0(ρ, δ, |k|) = Στ,D0 (ρ, δ) + Στ,E0 (ρ, δ, |k|), (2b)
ΣτV (ρ, δ, |k|) = Στ,EV (ρ, δ, |k|), (2c)
where Στ,DO and Σ
τ,E
O (O denotes S , 0 or V .) correspond to the Hartree and Fock terms of self-energies. With the density-
dependent interaction vertices, the additional rearrangement term ΣτR(ρ, δ) has to be taken into account properly [38].
In order to discuss the following results conveniently, the first (second) order symmetry self-energy Σsym,1O (Σ
sym,2
O ) is
defined as
Σ
sym,1
O ≡
1
2
∂Σ−O
∂δ
∣∣∣∣∣∣
δ=0
, Σ
sym,2
O ≡
1
4
∂2Σ+O
∂δ2
∣∣∣∣∣∣∣
δ=0
, (3)
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where Σ−O = Σ
n
O−ΣpO and Σ+O = ΣnO+ΣpO correspond to the splitting and sum of neutron-proton self-energies respectively.
With the general form of self-energy, the single-nucleon Dirac equation in nuclear matter can be written as
(γ · k∗,τ + M∗,τD )u(k, s, τ) = γ0ε∗,τu(k, s, τ), (4)
with the starred quantities
k∗,τ = k + kˆΣτV (ρ, δ, |k|), (5a)
M∗,τD = M + Σ
τ
S (ρ, δ, |k|), (5b)
ε∗,τ = ετ − Στ0(ρ, δ, |k|), (5c)
which satisfy the effective relativistic mass-energy relation (ε∗,τ)2 = (k∗,τ)2+(M∗,τD )
2. It should be also emphasized that
M∗,τD is the Dirac mass ( also called the Lorentz-scalar effective mass ). Accordingly, the relativistic single-nucleon
energy ετ can be expressed as
ετ(ρ, δ, |k|) =
√
[M∗,τD (ρ, δ, |k|)]2 + [k∗,τ(ρ, δ, |k|)]2
+ Στ0(ρ, δ, |k|). (6)
The equation of state (EoS) of asymmetric nuclear matter at zero temperature is defined by its binding energy per
nucleon E(ρ, δ). Conventionally, due to the difficulty of analytical extraction, the nuclear symmetry energy can be ap-
proximately extracted by expanding the zero-temperature EoS in a Taylor series with respect to the δ. The convergence
of such an isospin-asymmetry expansion has been acknowledged in the self-consistent mean-field calculations, such
as the CDF theory (at the first Hartree-Fock level) adopted in this work, but broken overall when second-order pertur-
bative contributions are involved in many-body theory [47]. Within this approximation, the EoS is then expressed as,
E(ρ, δ) = E0(ρ) + Esym(ρ)δ2 + O(δ4), (7a)
Esym(ρ) ≡ 12
∂2E(ρ, δ)
∂δ2
∣∣∣∣∣∣
δ=0
, (7b)
where E0(ρ) = E(ρ, δ = 0) denotes the EoS of symmetric nuclear matter, and the second-order coefficient Esym(ρ)
is usually defined as the density-dependent symmetry energy. The odd-order terms of the expansion are discarded in
Eq. (7a) owing to assuming the charge-independence of nuclear force and neglecting the Coulomb interaction in the
infinite nuclear matter. Furthermore, around the nuclear saturation density ρ0, the symmetry energy can be expanded
as
Esym(ρ) = J + Lχ + O(χ2), (8a)
L = Y(ρ0), Y(ρ) ≡
[
3ρ
dEsym(ρ)
dρ
]
, (8b)
where χ = (ρ − ρ0)/3ρ0 is a dimensionless variable, Y(ρ) is the density slope parameter of Esym(ρ) at an arbitrary
density ρ, J and L correspond to the symmetry energy and its density slope parameter at saturation density ρ0.
According to the HVH theorem [20, 21], the nucleon chemical potential in asymmetric nuclear matter should be
equal to its Fermi energy (the single-nucleon energy at Fermi surface), i.e.,
∂[ρE(ρ, δ)]
∂ρτ
+ M = ετF(ρ, δ, k
τ
F), (9)
where ετF = ε
τ(ρ, δ, |k| = kτF) is the single-nucleon energy, and kτF = kF(1 + τδ)1/3 is the nucleon Fermi momentum
with kF = (3pi2ρ/2)1/3 being the Fermi momentum in symmetric nuclear matter at density ρ. Substituting Eq. (7a)
into the left-hand side of Eq. (9), expanding ετF as a power series in δ on the right-hand side of Eq. (9), and then
3
comparing the coefficients of first- and second-order δ terms on both sides could lead to [26]
Esym(ρ) =
1
4
d
dδ
[∑
τ
τετF(ρ, δ, k
τ
F)
]∣∣∣∣
δ=0
, (10a)
Y(ρ) =
3
4
d2
dδ2
[∑
τ
ετF(ρ, δ, k
τ
F)
]∣∣∣∣
δ=0
+ 3Esym(ρ). (10b)
Combining Eq. (6) and (10a), the symmetry energy can be decomposed according to the separation of nucleon self-
energy, namely,
Esym(ρ) = Ekinsym(ρ) + E
mom
sym (ρ) + E
1st
sym(ρ) (11a)
=
k2F
6M∗L(ρ)
+ E1stsym(ρ), (11b)
where Ekinsym (J
kin) represents the kinetic contribution, Emomsym (J
mom) denotes the contribution from the momentum
dependence of the nucleon self-energies, E1stsym (J
1st) corresponds to the contribution from the first-order symmetry
self-energies (at saturation density ρ0), and M∗L ≡ kF
[ d|k|
dετ
]
|k|=kF is the nucleon Landau mass in symmetric nuclear
matter [48] which can be expressed as
M∗L(ρ) = kF
[
k∗F
ε∗F
+
M∗F
ε∗F
∂ΣS
∂|k| +
∂Σ0
∂|k| +
k∗F
ε∗F
∂ΣV
∂|k|
]−1
|k|=kF
, (12)
with ΣO = ΣτO(ρ, δ = 0, |k|), k∗F = k∗,τ(ρ, δ = 0, |k| = kF), M∗F = M∗,τD (ρ, δ = 0, |k| = kF) and ε∗F = ε∗,τ(ρ, δ = 0, |k| =
kF). Similarly, by substituting Eq. (6) into Eq. (10b), the density slope parameter can be also decomposed as
Y(ρ) = Ykin(ρ) + Ymom(ρ)
+ Y1st(ρ) + Ycross(ρ) + Y2nd(ρ), (13)
where Ykin (Lkin) is the kinetic contribution, Ymom (Lmom) denotes the contribution from the momentum dependence
of the nucleon self-energies, and Y1st (L1st) and Y2nd (L2nd) correspond to the contributions from the first- and second-
order symmetry self-energies respectively, while the cross-term Ycross (Lcross) comes from the momentum dependence
of the first-order symmetry self-energies (at saturation density ρ0). Their complex analytical expressions are neglected
in this paper, and one could refer to Ref. [26] for more details.
3. Results and Discussion
For the different versions of the CDF considered in this paper, we mainly consider parameter sets commonly and
successfully used in the description of nuclear matter and finite nuclei. In particular, we select the parameter sets
PKA1, PKO1, PKO2, PKO3 for the relativistic Hartree-Fock (RHF) model; TW99, PKDD, DD-ME1, DD-ME2, DD-
MEδ, DDHδ for the density-dependent relativistic mean-field (DD-RMF) model; FSUGold, IU-FSU, TM1, TM2,
PK1, NL1, NL3, NLSH, NLZ, NLZ2, NLρ, NLρδ, HA for the nonlinear relativistic mean-field (NL-RMF) model;
PC-PK1, PC-F1, PC-F2, PC-F3, PC-F4, PC-LA and DD-PC1, FKVW for the nonlinear and density-dependent point-
coupling relativistic mean-field (PC-RMF) models, respectively [4, 9, 49, 50]. Notice that, due to the limitation of the
approach itself, the pi and ρ-tensor couplings or the corresponding interaction vertices are missing in all selected RMF
functionals, while the RHF ones PKO1, PKO2, and PKO3 contain the pi couplings, and PKA1 contains both. Besides,
all selected 31 parameter sets include the isovector vector channel involving either the isovector vector ρ meson or
the isovector vector interaction vertices in the Lagrangian. While the parameter sets DD-MEδ, DDHδ, NLρδ, HA
further include the isovector scalar meson field δ, and PC-F2, PC-F4, PC-LA and FKVW include the isovector scalar
interaction vertices in the Lagrangian.
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3.1. Symmetry energy and its density slope parameter
It is worthwhile to review the bulk properties of symmetric nuclear matter at saturation density with all selected
CDFs. The saturation density ρ0 and the binding energy per particle E0 are around 0.151 fm−3 and -16.2 MeV
respectively. Utilizing the weighted average method, the symmetry energy J, Dirac mass M∗D/M and Landau mass
M∗L/M are estimated to be about 33.74
+9.76
−8.14 MeV, 0.61
+0.14
−0.06 and 0.67
+0.13
−0.05 respectively. However, the density slope
parameter of symmetry energy L lies in a very wide range 85.31+54.79−38.11 MeV, which leads to a large uncertainty of the
information on the symmetry energy at both high and low densities. Figure 1 shows the symmetry energy J versus
its density slope parameter L with various CDFs, a recent constraint extracted from the data collective analysis is also
plotted [5]. It is seen that although a part of results violate the constraint, there is still a possible correlation between L
and J within relativistic framework. As expected, this correlation is fairly weak due to the obvious model dependence
of the nucleon self-energies among the selected CDFs.
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Figure 1: (Color online). Density slope parameter L of symmetry energy against the symmetry energy J. The results are calculated with RHF (black
squares), DD-RMF (green triangles), NL-RMF (red circles) and PC-RMF (blue stars) models, and the empty points are from the corresponding
models with the inclusion of the isovector scalar channel of nucleon-nucleon interaction. The yellow (gray) and shadowed regions depict constraints
on J = 31.7 ± 3.2 MeV and L = 58.7 ± 28.1 MeV from Ref. [5], respectively.
In order to clarify the physical mechanism of the above correlation, the symmetry energy J and its density slope
parameter L are divided into various components according to Eq. (11a) and (13) respectively, namely J = Jkin +
Jmom + J1st and L = Lkin +Lmom +L1st +Lcross +L2nd. It is found that there is a strong likelihood that Lkin calculated with
all selected functionals is linearly correlated to the corresponding Jkin, as shown in Figure 2. In fact, this underlying
and reliable linear correlation could be better understood based on the decomposition of symmetry energy in terms
of the nucleon self-energies. Utilizing the least-square method, the fitting result Lkin = 1.51Jkin + 5.72 MeV, and its
Pearson correlation coefficient r = 0.9979 indicate that
−1
2
kF
6
k∗F
ε∗F
+
k2F
6ε∗F
M∗2F
ε∗2F
≈ 5.72 MeV
is almost independent of the selected functional. In addition, the relationship between the residual components,
namely (Lmom + L1st + Lcross + L2nd) and (Jmom + J1st) is also investigated, but a strong correlation is not found. Further
quantitative analysis shows that L2nd = 2.87+29.03−36.17 contributes the main part of the uncertainty of L, even if its weighted
average is quite small, which is qualitatively consistent with the result extracted from neutron-nucleus scattering data
[25].
After neglecting the uncertain L2nd, Fig. 3 reveals another underlying and reliable linear correlation between
(Lmom +L1st +Lcross) and (Jmom + J1st). The fitting result Lmom +L1st +Lcross = 2.98(Jmom + J1st)+0.45 MeV, r = 0.9999
is obtained with a part of selected functionals, where the models with the isovector scalar channel of nucleon-nucleon
interaction is not included. Similarly, this linear correlation could also be obtained through theoretical analysis.
Owing to the limitation of the Hartree mean-field itself, the space-like self-energy ΣV vanishes while the scalar and
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Figure 2: (Color online). Correlation between component Lkin of the density slope parameter L and component Jkin of the symmetry energy J.
The linear fit Lkin = 1.51Jkin + 5.72 MeV is obtained with all selected functionals. The inner (outer) colored regions depict the 95% confidence
(prediction) intervals of the linear regression, and Pearson’s correlation coefficient r is also displayed (see, e.g., Chap. 3 of [51]).
time-like self-energies are momentum independent in the general RMF models, thus the above linear correlation could
be reduced to a strict proportional function L1st = 3J1st. Although the inclusion of the Fock terms in the CDF theory
violate strict proportional function, the contribution from the momentum dependence of the nucleon self-energies and
the first-order symmetry self-energies weaken this effect.
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Figure 3: (Color online). Correlation between components (Lmom + L1st + Lcross) of the density slope parameter L and components (Jmom + J1st) of
the symmetry energy J. The linear fit Lmom + L1st + Lcross = 2.98(Jmom + J1st) + 0.45 MeV is obtained with a part of selected functionals, where
the models with the isovector scalar channel of nucleon-nucleon interaction are not included.
Shown in Fig. 4 (left panel) are the splitting Σ−O as functions of the isospin asymmetry δ at saturation density,
which is related to the first-order symmetry self-energies according to Eq. (3). The inclusion of the isovector scalar
channel in the RMF model yields the scalar component of the first-order symmetry self-energy, which leads to the
result deviating from the strict proportional function L1st = 3J1st. Similarly, shown in Fig. 4 (right panel) are the
sum Σ+O as functions of the isospin asymmetry δ at saturation density, which is related to the second-order symmetry
self-energies according to Eq. (3). It is seen that the isospin dependence of Σ+O is sensitive to in-medium nuclear
interaction, namely, L2nd is obviously dependent on the selected functional.
To sum up, the above two underlying and reliable linear correlations construct the fundamental correlation between
L and J, while the additional contribution from the isovector scalar channel of nucleon-nucleon interaction and the
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model dependent L2nd lead to a deviation, especially the latter limits severely its correlation coefficient and confidence
level. Without the inclusion of the isovector scalar channel in the CDF theory, the fitting result L = 2.91J − 17.95 +
L2nd MeV, r = 0.9905 is obtained with other functionals. Moreover, we reanalyze the data in ref. [23], but a reliable
correlated structure is not found within non-relativistic framework.
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Figure 4: (Color online). (left) Isospin dependence of the splitting of neutron-proton self-energies at saturation density. (right) Isospin dependence
of the sum of nucleon self-energies at saturation density.
3.2. Dirac mass and Landau mass
As has been discussed, the isospin dependence of the nucleon self-energy is the major factor affecting the corre-
lation between L and J, rather than the momentum dependence in the CDF theory. While as an important degree of
freedom of the nucleon self-energy, the momentum dependence is expected to affect essentially the Landau mass M∗L,
which characterizes the density of states around the Fermi surface. Shown in Fig. 5 are the nucleon self-energies cal-
culated with RHF model as functions of the momentum at saturation density for symmetric nuclear matter, compared
with the parameterized results within Dirac-Brueckner-Hartree-Fock (DBHF) model [52]. In spite of the momentum
dependence of the nucleon self-energies within RHF model is qualitatively consistent with the parameterized results
within DBHF model, there are still obvious divergences in quantification, especially for the scalar self-energy.
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Figure 5: (Color online). Momentum dependence of self-energies from Fock terms at saturation density for symmetric nuclear matter. The results
(lines) are calculated with RHF model. Using the parametrizations for self-energies in Dirac-Brueckner-Hartree-Fock model [52], the corresponding
results (diamonds) are plotted in figure for comparison. The yellow (gray) region depicts the corresponding Fermi momentum 1.31 ∼ 1.33 fm−1.
The relation between the Landau mass and the Dirac mass is M∗L =
√
k2F + M
∗2
D in the general RMF models,
which can be approximated to a linear correlation, as shown in Fig. 6. The fitting result M∗L/M = 0.93M
∗
D/M +
7
0.11, r = 0.9959 is obtained with all selected RMF functionals. However, due to the momentum dependence of the
nucleon self-energies, especially the stronger dependence of the time component than the scalar one in RHF model,
the corresponding results systematically deviate from the above correlation according to Eq. (12).
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Figure 6: (Color online). Correlation between the Landau mass M∗L/M and the Dirac mass M
∗
D/M at saturation density for symmetric nuclear
matter. The linear fit M∗L/M = 0.93M
∗
D/M + 0.11 is obtained with CDFs except RHF model. The referred results DD-ME1
∗, D3C and D3C∗ are
from Refs. [53, 54, 55]. The yellow (gray) region depicts the constraint on the Dirac mass M∗D/M = 0.575 ± 0.025 from the spin-orbit splitting in
finite nuclei [54, 55].
4. Summary
Based on the Hugenholtz-Van Hove theorem, the symmetry energy J and its density slope parameter L are de-
composed in terms of the Lorentz covariant nucleon self-energies with various kinds of CDF models. In doing the
calculations, one correlated structure of Lkin with Jkin and another correlated structure of (Lmom + L1st + Lcross) with
(Jmom + J1st) appear. These two underlying and reliable linear correlations construct the fundamental correlation be-
tween L and J in the relativistic framework, while the additional contribution from the isovector scalar channel of
nucleon-nucleon interaction and the model dependent L2nd lead to a deviation, especially the latter limits severely
its correlation coefficient and confidence level. In addition, the relationship between the Landau mass M∗L and the
Dirac mass M∗D is approximated to a reliable linear correlation, which is demonstrate to be sensitive to the momentum
dependence of the nucleon self-energies.
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